We consider first the field theory formulation for a directed polymer in the presence of a quenched disorder. To obtain the average free-energy of this system we use the distributional zeta-function method. The distributional zeta-function is a complex function whose derivative at the origin yields the average free-energy of the system as the sum of two contributions: the first one is a series in which all the integer moments of the partition function of the model contribute; the second one, which can not be written as a series of the integer moments, but can be made as small as desired. Using the saddle-point equations of the model, and the replica symmetry ansatz, we obtain that the numbers of terms in the series representation for the average free-energy depends on the temperature of the system. Next, the field theory formulation of an interface in a quenched random potential is considered. Also using the results obtained from the distributional zeta-function method, the average free-energy of this system is presented. The k-th term of the series that defines the average free-energy represents an Euclidean field theory for a k-component Gaussian scalar field.
Introduction
The statistical mechanics of random surfaces and membranes, or more generally of extended objects, make possible to the community to explore new ideas, since new mathematical tools are required to investigate them [1] . One of the simplest example of a tethered surfaces are the polymers, which are macromolecules with string-like shape [2] [3] [4] . These objects display certain universal properties that do not depend on their microscopic structure. For example, a complex fluid has complex physical and mechanical response to external fields. In the presence of external fields, these objects can behave like a liquid or a solid, concerning its dynamical properties, so that the viscoelasticity is an example of such behavior. In the 70's functional methods with the saddlepoint approximation formed the basis of the self-consistent field theory in the polymer physics. Using field theory methods it was shown that certain models of polymers can be discussed by a classical field theory [5] [6] [7] . Moreover, an important stochastic nonlinear partial differential equation modeling surface and interface growing processes [8] [9] [10] can be mapped into the equilibrium statistical mechanics of directed polymers.
In this paper we use the distributional zeta-function method [11, 12] to compute the average free-energy of directed polymers and interfaces in random media. For simplicity we assume that the fluctuating linear object is confined to a plane. Directed polymers in the presence of a quenched random potential describes, for example, the behavior of a linear elastic objects with no selfintersections in a porous medium and also the polymer behavior in poor solvents [13, 14] . The generalization to more complex extended objects is straightforward [15] [16] [17] [18] [19] [20] [21] . We also consider a d-dimensional manifold with internal points x ∈ R d , embedded in an external D-dimensional space with position vector r (x) ∈ R D , where D = d + N. For oriented manifolds, the set of N transverse coordinates describes the fields of the model. Here we are interested in the case N = 1. In this case we have an interface in a quenched random potential, i.e., we are considering in this case a d-dimensional manifold in a D = d + 1 dimensional space. For instance, for systems with a broken Ising symmetry, below the critical temperature many of static and dynamical properties are dominated by domain walls, i.e., interfaces between two ordered phases [22] .
Recently, Svaiter and Svaiter defined the distributional zeta-function to study systems with quenched disorder. This terminology is in light with this function's similarity with the zetafunctions and the use of a probability distribution to define it. The derivative of this function at the origin yields the average free-energy of the underlying system with quenched disorder. Unlike the standard replica method, this procedure does not require derivation with respect to the (integer) moments of the partition function. The average free-energy of a system with a quenched random disorder is given by a series in which all the replicas contribute. This method is closely related to the use of spectral zeta-functions in Euclidean field theory [23] [24] [25] [26] [27] and for computing the renormalized vacuum energy of quantum field in the presence of boundaries. Although different global methods can be used to obtain the Casimir energy of quantum fields, as for example an exponential cut-off or an analytic regularization procedure [28] [29] [30] , the spectral zeta-function method is powerful, elegant and widely used in quantum field theory [31, 32] , included to prove no-go theorems [33, 34] .
The aim of this paper is to use the distributional zeta-function method to obtain average the free-energy for directed polymers and interfaces in random media. A crucial point in these systems is the fact that one needs to take into account not only the configurational average of the Boltzmann weight, but also disordered average over all the realizations of the random variables. For quenched disorder, one is mainly interested in averaging the free-energy over the disorder, which amounts to averaging the log of the partition function. A well know technique for computing the average free-energy is the replica method. The standard replica method [35] [36] [37] [38] [39] [40] has already been used to study field theory of random manifolds. Here we are interested to use an alternative approach, the distributional zeta-function method to find the average free-energy of directed polymers and fluctuating interface in a quenched random potential.
The organization of this paper is as follows. In section II we discuss the one dimensional field theory in the presence of a quenched disorder. In section III we introduce the distributional zetafunction and compute the derivative of the distributional zeta-function at the origin in order to obtain the average free-energy of the system with quenched disorder. In section IV the average free-energy associated to a fluctuation manifold in the presence of a quenched disorder is presented, using the distributional zeta-function method. Conclusions are given in section V. We use = c = k B = 1.
The field theory in d = 1 with quenched disorder
Let us consider a directed polymer of length L, where for simplicity we assume that the displacements of the polymer can occur in one direction. In the continuum approximation, the Hamiltonian of the directed polymer can be written as
where c is the linear tension of the polymer, x is the longitudinal coordinate (0 ≤ x ≤ L), and ϕ(x) is the transverse displacement of the polymer with respect to the straight line. Finally, v(ϕ(x), x) is the quenched disordered potential of the model. Some papers discussing the polymer field theory are the Refs. [41] [42] [43] [44] [45] [46] . In the literature there are different proposed to the probability distribution associated to the disorder. A widely used probability distribution is the Gaussian (normal) distribution with zero mean. We will take v(ϕ(x), x) to be a Gaussian random variable. We also assume that v(ϕ(x), x) has zero mean and delta-correlated in the transverse direction. Therefore
and
where E(...) means the average over all realizations of the quenched random potential and V (ϕ−ϕ ′ ) stands for the correlation function of the model. The scaling relation defines the wandering exponent. We have
where ... is a thermal average, i.e., the configurational average of the Boltzmann weight.
is the polymer mean squared displacement ϕ with length L where ξ is the wandering exponent. The partition function of the model can be written as
The average free-energy is defined as
where [dv] P (v) is the probability distribution associated to the disorder. In order to obtain the average free-energy of the model we can use the replica method. For a recent application of this method to study finite size effects in the random field Ising model see the Ref. [47] .
To proceed, let Z k = Z × Z × ... × Z be the k-th power of the partition function, for k integer. The k-th moment of the partition function, with respect to the disorder's probability distribution, is Z k = E (Z k ). In the literature such object is called the replica partition function. In the next section, we will show that the average free-energy can be written as
where Γ(α, x) = ∞ x dt t α−1 e −t is the incomplete gamma function and ω is a regularization parameter that will be introduce below.
The k-th power of the partition function Z k can be written as
Averaging (Z(L, y; v)) k over the disorder we obtain that the k-th moment of the partition function, or the replica partition function, is given by
where the effective Hamiltonian
In order to proceed, we have to discuss the quantity V (ϕ(x) − ϕ ′ (x)) defined in the Eq. (3). It is well know that the delta correlated potential V (ϕ) = uδ(ϕ) maps the replicated problem to interacting quantum bosons. Using that V (ϕ − ϕ ′ ) is given by
permits an entire analysis via replicas [46] . Since we are interested in a soluble model, we assume that V (ϕ − ϕ ′ ) is given by Eq. (10) . Integrating by parts we can write that
ef f , where
Studying the replica field theory for the problem of fluctuating manifold in a quenched random potential, Mézard and Parisi and others introduced a mass term in the effective Hamiltonian in order to regularize the model [21, 48] . Indeed, in the high temperature limit, i.e., β → 0 the operator (− c 2 d 2 dx 2 + βu) has the zero eigenvalue and therefore is not invertible. To circumvented this problem, we are following the same idea introducing the term
Introducing this above discussed term in the effective Hamiltonian H ef f and disregarding H (2) ef f we have
We would like to stress that this new model is no more the model used to describes directed polymers. Only in the limit ω → 0 we recover the polymer field theory. In this case, a contribution coming from the zero modes makes the free-energy a meaningless quantity. In the high-temperature (β → 0) we get
Using the above expression in the replica partition function, Eq. (8), we obtain E(
In the high temperature limit the average free-energy can be written as
where the determinant of the operator D(ω) = (−c
can be calculated using the zetafunction regularization procedure, provided that appropriate boundary conditions are given. Going back to the general case, to find the contribution to the k-th term, E(Z k ) of the series that defines the quenched free-energy, let us define the operator D ij (x − y) in replica space. We have
With this definition we can write the H ef f (ϕ i , k; ω) as
Therefore, the contribution to the k-th term, E(Z k ) of the series that defines the quenched freeenergy can be written as
Substituting the above equation in the Eq. (6) we have the average free-energy of the system. A point that deserves be emphasized is the fact that the number of terms in the series that represent the average free-energy can be finite. For instance, we can use the saddle-point equation to find a bound for k. Therefore, let us discus the saddle-point equations of the model. The saddle-point equations are
Let us use the replica symmetric ansatz, i. e., suppose that ϕ i (x) = ϕ(x). For equal replicas the saddle-point equation becomes
For a meaningful theory we must have that (k < 1 +
). The numbers of terms in the series representation for the average free-energy depends on the temperature of the system. In the hightemperature limit (β → 0) all the integer moments of the partition function contribute to the average free-energy. In the next section, we use the distributional zeta-function to derive the Eq. (6).
The distributional zeta-function method
On way to compute the average free-energy using the moments of the partition function is the standard replica method. Here we present an alternative procedure to find the average free-energy by means of a distributional zeta-function, adapted for our problem:
for s ∈ C, this function being defined in the region where the above integral converges. We will reproduce the steps discussed before, proving that Φ(s) is well defined for Re(s) ≥ 0, that βF q = (d/ds)Φ(s)| s=0 and using this equality for computing a series approximation for the average free-energy F q . We assume that Z(L, y; v) ≥ C(L, y) > 0, where C(L, y) is a constant. Under this assumption, Φ(s) is defined for Re(s) ≥ 0, because
Therefore, by Eq. (20), Φ is well defined in the half complex plane Re(s) ≥ 0 without resorting to analytic continuations.
1 , we can write
where the second equality is justified by the assumption Z(L, y; v) ≥ C(L, y) > 0 and an application of Lebesgue's dominated convergence theorem. Direct use of Euler's integral representation for the gamma function give us
Although the above Mellin integral converges only for Re(s) > 0, as Z(L, y; v) > 0, we will show how to obtain from the above expression a formula for the free-energy valid for Re (s) ≥ 0. Substituting Eq. (23) in Eq. (20) we get
We already know that the distributional zeta function Φ(s) is defined for Re(s) ≥ 0. Now we will use the above expression for computing its derivative at s = 0 by analytic tools. We assume at principle the commutativity of the following operations, disorder average, differentiation, integration if necessary. From the above discussion, it follows that the average free-energy F q can be written as
To continue, take a > 0 and write Φ = Φ 1 + Φ 2 where
The average free-energy can be written as
The integral Φ 2 (s) defines an analytic function defined in the whole complex plane. In the innermost integral in Φ 1 (s) the series representation for the exponential converges uniformly, so that we can reverse the order on integration and summation to obtain
The term k = 0 in the above summations contain a removable singularity at s = 0 because Γ(s)s = Γ(s + 1), so that we can write
an expression valid for Re(s) ≥ 0. The function Γ(s) has a pole in at s = 0 with residue 1, therefore
where
and γ is Euler's constant 0.577 . . . . We have just shown that the contribution of −(d/ds)Φ 1 (s)| s=0 + to the average free-energy (see Eq. (31)) can be written as a series in which all integer moments of the partition function appear. Although such a representation cannot be obtained, in general, for the contribution coming from −(d/ds)Φ 2 (s)| s=0 , we will show how to bound this contribution. Using again the fact that Γ(s) has a pole at s = 0 with residue 1 and taking the derivative of the product that defines Φ 2 in Eq. (27), we conclude that
Therefore, using again the assumption Z(L, y; v) ≥ C(L, y) > 0 we obtain the bound
In conclusion, using the distributional zeta-function we are able to represent the average freeenergy as
Observe that we cannot take the limit a → ∞, because in this case the above series become meaningless. However, the contribution of R(a) to the free-energy can be made as small as desired, taking a large enough. A case of special interest is a = 1, because with this choice the average free-energy can be written as
Defining a distributional zeta-function and using analytic tools, we showed that all integer moments of the partition function contribute to the average value of the free-energy of the system.
Field theory for interfaces in random media
We consider a d-dimensional manifold with internal points x ∈ R d , embedded in an external Ddimensional space with position vector r(x) ∈ R D . We are considering a d-dimensional manifold in a D = d+N dimensional space. For oriented manifolds, we can describe the system in terms of the set of transverse coordinates, where N is the number of transverse dimensions. We are interested in the case N = 1, so we have an interface in a quenched random potential and D = d + 1. The Hamiltonian of the domain wall can be written as
where σ is the domain wall stiffness and v(ϕ(x), x) is the quenched random potential of the model [19] [20] [21] . Following Mezard and Parisi and also Cugliandolo et al [20, 48] , let us introduce a 1 2 ω 2 ϕ 2 (x) contribution, which constrain the manifold to fluctuate in a restricted volume of the embedding space. The regularized Hamiltonian becomes
The partition function of the model is given by
We are assuming that the probability distribution associated to the random potential has zero mean E v(ϕ, x) = 0 (40) and correlator
where again, the E(...) means that we are taking the average over all the realizations of the quenched random potential. Since we are assuming that the system has a quenched random potential, the average free-energy is defined as
where [dv]P (v) is the probability distribution associated to the disorder. In order to obtain the average free-energy of the model, we use the distributional zeta-function approach. As discussed in Section 2, the average free-energy can be written as in the Eq. (6) and we need again to compute the integer moments E(Z k ) of the partition function to use such equation. The (integer) k-th power of the partition function is Z k = Z × Z × ... × Z and integrating in the disorder we obtain the replica partition function
Again, as in the case of the polymers, to proceed we must use some model for V (ϕ i −ϕ j ). Following Balents and Fisher [49] we consider
To obtain a soluble model we assume that V m = 0 for m ≥ 2 and write
With such a simplification, the effective Hamiltonian can be written in the simple form
Therefore, in each term of the series on Eq. (6), the quantity E(Z k ) is given by
The basic idea behind our construction is the fact that each term of the series that represents the average free-energy can be view as an Euclidean field theory for a k-component scalar field.
Defining the k-vector field Φ(x) with the components ϕ 1 (x), ϕ 2 (x), ..., ϕ k (x), we can write the effective Hamiltonian as
where Φ T (x) stands for the transpose of the k-vector Φ(x). In view of Eqs. (46) and (47), the kernel D(x − y; k) is
where I k is the k-dimensional identity matrix and M k is the square k-dimensional matrix with all elements 1. Our aim now is to study the two-point correlation function of the Euclidean field theory for a k-component scalar field. Performing a Fourier transform we get
is the inverse of the two-point correlation function,
Using the projectors operators we can write the two-point correlation function G 0 ij (p) as
The first term in the right hand side of Eq. (51) is the bare contribution to the connected two-point correlation function; the second term is the contribution to the disconnected two-point correlation function, which becomes connected after averaging the disorder. Let us study the two-point correlation function. First write
with
Now we are able to discuss the functional form of [G 0 ]
(1)
lm (x − y). Using the results of the appendix A we get
Also we can write that
Taking the limit ω 2 → 0 we get
For the case of [G 0 ] (2) (r; k), the limit ω 2 → 0 can be taken only in the high temperature situation. Therefore let us take the limit of high temperature for ω 2 = 0. We get [G 0 ] (2) (r; k) = 0. Finally, let us study the quantity
(2) (r; k). Note that using the saddle-point equations of the model and the replica symmetric ansatz, i. e. ϕ i (x) = ϕ(x), for a meaningful theory we must have k < 1 +
As an application of the distributional zeta-function method, let us calculate the wandering exponent for d = 3 in the limit of high temperature. We have
where ... is a thermal average. It is only necessary to consider the contribution due to [G 0 ]
lm (r). So, we have
Considering the expression for K 1 2 (x) and expanding the exponential as a series, in the case where r is very large we obtain ξ = 
Conclusions
There is a growing interest in disordered systems in physics and many areas beyond physics. There are disordered systems in which the quenched disorder dominates thermal fluctuations as interfaces and directed polymers. For quenched disorder, one is mainly interested in averaging the free-energy over the disorder, which amounts to averaging the log of the partition function Z. The replica method is a powerful tool used to calculate the free-energy of systems with quenched disorder. For a recent application of this method to study finite size effects in the random field Ising model see the Ref. [47] .
Here we are interested in using the distributional zeta-function method to obtain the average free-energy of a directed polymer and a fluctuating interface in the presence of a quenched disorder. In order to find the average free-energy for both systems we define a distributional zeta-function. The derivative of the distributional zeta-function at s = 0 yields the average free-energy. Making use of the Mellin transform and analytic continuation, it is possible to obtain a series representation for the average free-energy where all the integer moments of the partition function of the models contribute. Our method is closely related to the use of spectral zeta-functions for evaluating the determinant of elliptic differential operators in Euclidean field theory. One can ask if the series representation for the average free-energy converges. In the Ref. [12] it was proved that if the probability distribution of the disorder has compact support, then we have convergences on the series obtained by means of the distributional zeta-function. For the case of probability distribution without compact support, one can use the saddle-point equations of the model with the replica symmetric ansatz, for example, to have a series representation for the average freeenergy with a finite number of terms. For the case of the polymers, in the high temperature limit the average free-energy was obtained in Eq. (16), as a power series in the temperature.
In this case of an interface in a quenched random potential we obtained the following result. Using projectors and performing Fourier transform, we were able to discuss the field theory generated by each term of the series, that defines the average free-energy. Each term of the series that represent the average free-energy is an Euclidean field theory for a k-component scalar field. As an application of the distributional zeta-function method, we calculated the wandering exponent for d = 3 in the limit of high temperature. We obtained ξ = 1 2 . The natural continuation is to investigate different models in Euclidean field theory with disorder, still using the distributional zeta-function method.
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A The two-point correlation function in d-dimensions
lm (x − y). Therefore we have k) ) , which is also restricted to 0 < d < 5.
